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Abstract A theory based on calculation of phase dia-

grams in the binary systems was developed that describes

Gibbs–Thomson effect. In this model effect of both inter-

facial energy and interface confinement (Laplace–Young

pressure) are included in energy shift of alloys and phases.

By using the CALPHAD model, interfacial energy of

Cu4Ti precipitates in Cu–Ti system was obtained which

shows better consistency with experimental results of

Gibbs–Thomson effect of 10–20 nm radius precipitates.

Introduction

Usually experimental values of interfacial energy of pre-

cipitates are scattered in a wide range. Most of the men-

tioned data are obtained from coarsening experiments. Size

evolution of the particles can be measured by TEM, SAXS

or SANS and by relating their size distribution to aging

time and use of Lifshitz–Slyozov–Wagner (LSW) theory

[1, 2], or its modified versions [3], the interphase interfacial

energy can be calculated as follows:

r3 � r3
0 ¼ Kt ð1aÞ

K ¼
8DrabVb

mCa
B 1� Ca

B

� �

9RT Cb
B � Ca

B

� �2
ð1bÞ

where r is the mean radius of precipitates in time t and r0 is

initial radius of the particles. rab is the interfacial energy,

CB
a and CB

b are equilibrium concentration of B in a (matrix)

and b (precipitate) phases, respectively, D is the interdif-

fusion coefficient of B in the matrix and Vm
b is molar vol-

ume of precipitate phase. As it is seen, the diffusivity of the

atoms in the system is also necessary for determination of

ra b, which itself has noticeable scattered values. There-

fore, besides the unavoidable experimental errors in esti-

mation of size distribution of the precipitates, this will also

result in uncertain values for interfacial energy.

On the other hand, the governing driving force for

coarsening is the difference between matrix concentration

in the vicinity of small and large particles, which leads to

diffusion flux of solute atoms from smaller particles to

larger ones. This phenomenon is caused by Gibbs–Thom-

son effect that changes the phase equilibria between nano-

sized precipitates and matrix and also increases the solute

concentration around small particles due to interfacial

curvature.

Different models were proposed for describing this

effect. First model was proposed by Thomson [4], Gibbs

[5] and Freundlich [6], which is known as Gibbs–Thomson

formula:

Xa
BðrÞ ¼ Xa

Bð1Þ exp
2rabVb

m

RTr

� �
ð2Þ

This model directly relates the equilibrium matrix concen-

tration to the radius of particles. By use of analytical elec-

tron microscopy [7] or electrical resistivity measurements

[8], one can evaluate matrix concentration around the pre-

cipitates and calculate the interfacial energy of the particles,

considering Gibbs–Thomson effect. The remaining part is

finding an accurate model for this effect.
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In this study we proposed a theoretical model based on

CALPHAD method for describing Gibbs–Thomson effect

in binary alloys and compared it with other formulas. Then

this method was used to find coherent interfacial energy of

Cu4Ti in FCC Cu–Ti matrix.

Gibbs–Thomson effect in binary alloys

In this section some formulas for dilute and concentrated

binary alloys are summarized. The simplest relation is

Eq. 2 that assumes some simplifications that are not real

for most of the alloy systems, such as dilute solution

behavior of the matrix phase and XB = 1 for precipitates. In

Hillert [9] formula for dilute alloys the concentration of

precipitate is included:

1� Xb
B

� �
ln

1� Xa
BðrÞ

1� Xa
Bð1Þ

� �
þ Xb

B ln
Xa

BðrÞ
Xa

Bð1Þ

� �
¼ 2rabVb

m

RTr

ð3Þ

Better models should embrace more complicated

thermodynamics for matrix solution. Therefore,

concentrated solution behavior of matrix is included in

Darken factor [10]:

Xa
BðrÞ ¼ Xa

Bð1Þ 1þ 1� Xa
Bð1Þ

Xb
Bð1Þ � Xa

Bð1Þ
2rabVb

m

RTrea
BðXa

Bð1ÞÞ

 !

ð4Þ

where eB
a is function of XB

a and is given by:

ea
B Xa

B

� �
¼ 1þ o ln ca

B

o ln Xa
B

� �
ð5Þ

where cB
a is activity coefficient of B in matrix. This model

has a simplification of the small variation of matrix

composition at curved interfaces. The formula of Qian and

Lim [11] uses Darken factor and dose not have this

simplification:

1� Xb
B

� �
ln

1� Xa
BðrÞ
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Bð1Þ

� �
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m
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B Xa
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Note that Darken factor is only evaluated at XB
a (¥), the

equilibrium concentration of matrix at flat interface. More

accurate result can be obtained if one considers thermo-

dynamic behavior of matrix phase at higher concentrations

at curved interface. This was included in a formula by

Martin and Doherty [12]:

ln
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Bð1Þ
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¼ 1� Xa
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where ca Xa
BðrÞ

� �
is activity coefficient of B in matrix near

small precipitate. Equations 3, 6 and 7 are implicit and

should be solved versus XB
a (r) to find matrix concentration

in equilibrium with a particle with radius r.

All of these models were developed based on assump-

tion of constant precipitate concentration [11, 13]. Com-

parison between these formulas and some of their

simplifications can also be found in references [11, 13, 14].

Readers are referred to the reference of each model for

their proof and derivation.

CALPHAD model for Gibbs–Thomson effect in binary

alloys

The decrease in curvature of precipitates with sizes smaller

than 100 nm results in appearance of two effects; first is an

increase of the total interfacial area per constant volume of

precipitates [15] and second is an increase of internal

pressure that is called Laplace–Young pressure [16]. In

most of the previous articles, the internal pressure was

introduced as the only governing reason for Gibbs free

energy shift of the precipitates and consequently occur-

rence of Gibbs–Thomson effect. As it will be shown,

although this leads to correct answers, from thermody-

namics points of view, another term should also be in-

cluded to obtain more accurate results.

Gibbs free energy of precipitate and matrix will be chan-

ged with the formation of nano-structures; the simplest case is

small spherical precipitates in infinite matrix. If we assume

that a microstructure consists of np particles with mean radius

of rp, the total interphase interface is Sp = 4p r2np. For one

mole of precipitate the total volume is Vm
b , therefore one mole

of b consists of np ¼ Vb
m=

4
3
pr3 particles. Thus, by substitu-

tion, the additional energy of interface ðDGsÞ is:

DGs ¼ Sp � rinterface ¼
3rinterfaceVb

m

r
ð8Þ

In addition, when the interface confines a small particle,

the surface tension around the precipitate causes an internal

pressure inside the particle. This pressure which is radius

dependent is [17]:

DP ¼ 2rinterface

r
ð9Þ
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This pressure causes an increase in Gibbs free energy of the

phase, which can be expressed in form of dG = VdP – SdT.

Because temperature is constant and molar volume of

precipitates is assumed to be constant with variation of P,

the Gibbs energy shift due to Laplace–Young pressure

(Eq. 9), can be written in the form of:

DG ¼ 2rinterface

r
Vm ð10Þ

Contribution of these two parameters changes the Gibbs

free energy of matrix and precipitate and consequently the

state of equilibrium between them. Figure 1 shows a

thermodynamic loop between two states of bulk phases and

nano-size precipitates. In state 1 both phases with free

energy of Ga(¥) and Gb(¥), and composition of XB
a(¥) and

XB
b (¥), are in equilibrium. In state 3 disperse spherical

precipitates are inside matrix phase. One of the aims of this

study is to determine the difference between energy of each

phase in the states 1 and 3. Because Gibbs energy is

independent of path, we can define an auxiliary state

between them and move toward state 1 to 2 and then to 3.

In state 2, b phase is divided into the same volume of

spherical precipitate with radius r. Also inside a phase,

there is the same number of spherical holes with the same

radius. In this state the additional surface energy for b is

DGb
s ¼ 3rbVb

m=r and for a is DGa
s ¼ 3Vb

m=r � ra; where ra

and rb are interfacial energy of phases in equilibrium with

their vapors. b phase also has the additional energy of

Laplace–Young pressure which is DGb
P ¼ 2rbVb

m=r: When

we put into a holes the free surface of particles and matrix

is replaced with interphase interface. In the same way one

can simply find the energy variations as it is shown in

Fig. 1. By adding energy change of path 1-2-3, energy

change between states 1 and 3 can be found:

DGa
r ðrÞ ¼

3rabVb
m

r
ð11aÞ

DGb
r ðrÞ ¼

3rabVb
m

r
þ 2rabVb

m

r
ð11bÞ

These additional energies are not equal and therefore,

they will alter the state of equilibrium. For finding equi-

librium point one should use CALPHAD methods.

Two methods can be used for finding the equilibrium in

binary systems. One is tangent construction [18] and

solution of two nonlinear equations and the other is mini-

mization of total energy that is more common in CALP-

HAD techniques [19]. For describing the Gibbs–Thomson

effect in binary alloys one should add the excess energy of

the interface and Laplace–Young (Eq. 11) to the Gibbs free

energy of mixing and minimize the total energy. A starting

point and an alloy point are necessary for running of the

optimization algorithm. Figure 2 shows mixing energy of

matrix and precipitate phases. Decreasing the size of the

precipitates shifts the curves to higher levels of energy,

which alters the minimum point in Gibbs energy-compo-

sition space. The assumed alloy point is in the middle of

two starting points in the free energy curves of a and b
phases (Fig. 2, cross marker). The total energy of this alloy

can be expressed as:

Fig. 1 Variation of the Gibbs free energy of matrix and precipitate

between two conditions of bulk phase and nano-scale precipitates.

Total energy change from path 1 to 3 is equal to state 1 to

intermediate state 2 and then to final state 3

Fig. 2 Gibbs free energy of matrix and precipitate phases. Dashed

line is for bulk phase and solid line is for nanometer scale precipitates.

Cross points are initial equilibrium compositions which move to real

equilibria points by optimization of the total energy. Total energy

decreases from point 1 to 2 by optimization process. The consequence

of the energy shift is the change of equilibrium composition of the

matrix and precipitate which is indicated by pointed arrows
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GX0ðXa
B;X

b
BÞ ¼ f aDGa

mix;rðXa
BÞ þ f bDGb

mix;rðX
b
BÞ ð12Þ

where DGa;b
mix;r is mixing Gibbs free energy of a and b plus

additional energy of interface ðDGa;b
r Þ: fa,b is molar fraction

of the phases, which can be found by lever rule. As it is

shown in Fig. 2, by moving through equilibrium compo-

sition in Gibbs energy curves, total energy of the alloy

decreases from point 1 to 2. This process is governed by

optimization algorithm which minimizes two variable

function GX0ðXa
B;X

b
BÞ:

All of the previous models (Eqs. 2–6) assume that Xb
B is

constant, but as it can be seen, the precipitate composition

should also vary with energy shift. The amount of mutual

composition change is depending on the shape of Gibbs

free energy curves of the matrix and precipitate. Therefore,

in some cases this assumption can lead to considerable

inaccuracy. On the other hand, CALPHAD model has no

assumption for thermodynamic behavior of solution or for

composition change.

Another important point that was forgotten in previous

models is energy shift of the matrix. Consider a particular

alloy with composition X0, that transforms into matrix and

precipitate phases with compositions XB
a (¥) and XB

b (¥) and

molar fractions of fa and fb, respectively. When b disperses

into small particles there is a shift in energy of alloy with

respect to the bulk condition. This energy shift of the alloy

is shown with arrow ‘‘c’’ in Fig. 2. This shift has two

components, one for additional energy of the precipitate

(arrow b) and the other for additional energy of the matrix

(arrow a). If like previous models, only the Laplace–Young

pressure is considered for calculation of the energy shift of

the phases, the contribution of the additional interphase

interface to the additional energy of the alloy will be

neglected. In this model, additional interfacial energy is

also added to the total free energy of a and b phases, which

leads to calculation of the actual Gibbs free energy of the

alloy. This is important especially if another phase with

dimensions different from the particles is in equilibrium

with matrix or precipitate. In this case, variation of the

Gibbs energy changes the equilibrium composition. How-

ever, in two-phase systems, the interfacial energy does not

change the equilibria significantly, since both matrix and

precipitate gain the same additional energy.

Details of CALPHAD method will be discussed in

finding interfacial energy of Cu4Ti in Cu–Ti system.

Interfacial energy of Cu4Ti precipitates

Generally, in the Gibbs–Thomson effect and other interface

related phenomena interface characteristics are unknown.

Although it is possible to measure the increase of solute

concentration around the particles, no one really knows the

reasons such as interface tension and energy.

The measured values for interfacial energy of Cu4Ti phase

are scattered. The values of 67 mJ/m2 [20] and 31 mJ/m2

[21] were measured. Also, Bourchers et al. [22] calculated

value of 47 mJ/m2 by pair interaction model. Another

accurate experimental result was obtained by Miyazaki et al.

[23]. They measured concentration of the matrix in equi-

librium with the precipitates by macroscopic composition

gradient method. Particles radius varied from 9 nm to

27 nm. They also calculated the interfacial energy of Cu4Ti

precipitates by linear version of Gibbs–Thomson formula

(Eq. 2). Because of low accuracy of that formula they

reported the value of 100 mJ/m2. Equation 2 underestimates

composition changes; therefore it results in higher interfacial

energy to compensate its low variation rate. Qian and Lim

[24] used a formula similar to Eq. 3 to re-evaluate experi-

mental results of Miyazaki et al. In their work, a better model

for dilute binary systems led to values of 53 mJ/m2 (at

823 K) and 63 mJ/m2 (at 873 K) that are the most reasonable

results obtained for the interfacial energy of Cu4Ti precipi-

tates. In this model some simplifications were incorporated

such as dilute solution behavior for matrix and precipitate

phases and constant precipitate composition.

In order to minimize Eq. 12 as a function of matrix and

precipitate compositions, one should know values of DGa
mix

and DGb
mix:Advantage of CALPHAD method is that it uses a

versatile solution thermodynamics model. In this system

thermodynamic behavior of FCC matrix phase was

described by a semi-regular model and for complex inter-

metallic precipitates sublattice model [19] was used.

Assuming a single lattice random solid solution for matrix, the

mixing free energy of the matrix can be written in form of:

DGa
mix ¼

X

i

Xa
i

0GiþRT
X

i

Xa
i lnðXa

i Þþ
Xn�1

i

Xn

j¼iþ1

Xa
i Xa

j Xi;j

ð13Þ

where 0Gi is the difference between Gibbs energy of

element i in reference state and in FCC phase. Xi;j is binary

interaction parameter and based on Ridlich–Kister

formalism [19] it can be expanded as:

Xi;j ¼
P

k

Xk
i;j Xi � Xj

� �k

Xk
i;j ¼ ak þ bkT

ð14Þ

Kumar et al. [25] modeled Cu4Ti precipitates which

consisted of two sublattices one for Cu and one for Ti.

The anti-structural atoms in the sublattices form wide

homogeneity range of this phase. Using sublattice

formalism for (Cu, Ti)4(Cu, Ti), the free energy of Cu4Ti

can be formulated:
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DGCu4Ti
mix ¼ y1

Cuy2
Ti

0GCu:Cu þ y1
Cuy2

Ti
0GCu:Ti

þ y1
Tiy

2
Cu

0GTi:Cu þ y1
Tiy

2
Ti

0GTi:Ti

þ RT 4
X

i

y1
i ln y1

i þ
X

i

y2
i ln y2

i

" #

þ y1
Cuy1

Tiðy2
CuLCu;Ti:Cu þ y2

TiLCu;Ti:TiÞ
þ y2

Cuy2
Tiðy1

CuLCu;Cu:Ti þ y2
TiLCu;Ti:TiÞ ð15Þ

where yi
s is fractional site occupation and is defined as the

ratio of number of i atoms in sublattice s to the total

number of sites in the sublattice. Therefore, the molar

fraction of i atoms can be expressed as Xi ¼ 0:8y1
i þ 0:2y2

i :

In this model four first terms stand for Gibbs energy

reference state with these constrains:

0GCu:Cu ¼ 25; 000 J/mol; 0GTi:Ti ¼ 25; 000 J/mol

0GTi:Cu ¼ 0GCu:Cu þ 0GTi:Ti � 0GCu:Ti

ð16Þ

The parameters indicated as 0GA:B correspond to the

Gibbs energy of the stoichiometric compound Aa Bb that is

related to the formation energies and elements standard

reference states:

0DGAaBb

A:B ¼ DHAaBb

f � TDSAaBb

f þ a0Gref
A þ b0Gref

B ð17Þ

where DHAaBb

f and DSAaBb

f are compound formation en-

thalpy and entropy, respectively. 0Gi
ref is the Gibbs energy

of the pure component (i) in its standard reference state.

Four Li in Eq. 15 are interaction parameters of two atoms

between two sublattices and represent non-ideal behavior

of Cu4Ti phase. In this model only first linear interactions

are included.

For performing the equilibrium calculations, it was as-

sumed that Cu is in standard condition of FCC phase and Ti

is in reference state of HCP. The optimized thermody-

namics data for this system, which are listed in Table 1,

were obtained from references [24–26].

In sublattice model the Gibbs energy of the phase is

related to the site fractions yi. Figure 3 shows free energy

of Cu4Ti as a function of site fractions. Site fractions vary

from zero to one and composition and structure of the

phases change with them. Four corner of the coordination

space correspond to four different structures and concen-

tration of Cu varies from one corner to the others as indi-

cated by iso-concentration lines in Fig. 3b.

In each XTi
b , for finding DGb

mix as a function of Ti molar

fraction, we should optimize Eq. 15 with constrain

0:8y1
Ti þ 0:2y2

Ti ¼ Xb
Ti: A geometrical interpretation of this

procedure is choosing the minimum energy in each oblique

line in Fig. 3b and connecting these points in an ordinary

free energy-composition diagram. This curve is plotted in

Fig. 4 for both matrix and precipitate.

After minimizing DGb
mix in 500 composition points, an

accurate result for unknown concentration can be obtained

by a spline interpolation within these known data. For

Table 1 Thermodynamics properties of solution for matrix and

precipitates

FCC

X0
Cu;Ti –9,882 J/mol

X1
Cu;Ti 115,777 J/mol

Cu4Ti
0GCu:Ti � 40Gfcc

Cu � 0Ghcp
Ti 5(–6011 + 2.339T)

LCu;Ti:� 17,089 J/mol

L*:Cu,Ti –15,767 J/mol

Fig. 3 (a) Gibbs free energy of Cu4Ti as a function of Cu site

fraction in two sublattices of (Cu,Ti)4(Cu,Ti). (b) Contour view of (a).

y1 and y2 should be on the dotted lines in order to perform constrained

minimization
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DGa
mix we can directly use Eq. 13. Ordinary simplex or

gradient base methods [27] can be used to minimize Eq. 12

and finding the equilibria.

Now, one can perform the method described in section

‘‘CALPHAD model for Gibbs–Thomson effect in binary

alloys’’ to find the effect of interfacial curvature on in-

crease of matrix concentration. Figure 4 shows Gibbs en-

ergy shift for matrix and precipitate with rp = 2 nm and rab

= 72 mJ/mol. By assuming a value for interphase interfa-

cial energy of the matrix and precipitates, the energy shift,

DGr; was calculated as a function of particle radius (Eq.

11) and was added to mixing energy of the matrix and

precipitates (Eqs. 13 and 15). Total energy (Eq. 12) for an

alloy X0 = 0.1, was minimized in order to find altered

equilibria in each particle radius.

The experimental data of Miyazaki et al. is plotted in

Fig. 5. The unknown parameter of rab in this model was

changed until accurate agreement between experiments and

the model was achieved. The value of rab = 72 mJ/mol

can fit the CALPHAD model on the experimental results.

As shown in Fig. 5, with consideration of this interfacial

energy, other dilute models like Hillert (Eq. 3) and Gibbs–

Thomson formula (Eq. 2) are not consistent with the

experiments. It should be noted that with variation of the

interfacial energy, slope of the lines changes. For example

if one assumes lower rab (53 mJ/mol), slope of the line

decreases and Hillert model fit on the data as reported by

Qian and Lim [24]. Higher values of ra b fits Gibbs–

Thomson formula on the data.

On the other hand, the concentrated solution models

have results similar to CALPHAD model, especially at

lower interfacial curvatures, where the change in concen-

tration is small. This consistency continues in a range that

the concentration variation of the matrix and precipitate is

so small that the assumption of constant precipitate com-

position and constant Darken factor (Eq. 7) fulfills.

Conclusion

In this article, CALPHAD methodology was utilized to

describe Gibbs–Thomson effect in Cu–Ti alloy which

decomposes to FCC matrix and Cu4Ti precipitates. The

theory of Gibbs energy shift of the phases due to Laplace–

Young pressure and interfacial energy was corrected. This

new theory can truly describe energy shift of the phases

and alloys which form nano-scale structures. Experimental

results of Miyazaki et al. on matrix composition change

versus precipitates radius were modeled By CALPHAD

method. It was shown that other concentrated solution

models for Gibbs–Thomson effect can also predict the

concentration change. The value of 72 mJ/mol was

obtained for interfacial energy of coherent Cu4Ti precipi-

tates. With this value, CALPHAD and other concentrated

solution models give consistent results with experiments.
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